In this article a simple yet effective approach for the structure calibration of a three degree-offreedom (DOF) parallel manipulator is presented. In this approach, the model of the pose error expressed by the Quaternions Parameters was established, based on complete differential-coefficient theory. This was followed by an investigation into the degree of influences represented as sensitivity percentages, of source errors on the pose accuracy with the aid of a statistical model of sensitivity coefficients. Then, the kinematic calibration model with the successive approximation algorithm was achieved. The simulation has been carried out to verify the effectiveness of the proposed algorithm and the results show that the accuracy of the calibration can be significantly improved.
INTRODUCTION
Parallel manipulators have particularly aroused interest of researchers over the past several decades for their properties of better structural rigidity, positioning accuracy, and dynamic performances [1] and [2] . Unlike serial manipulators, which suffer from the accumulation of joint errors, parallel manipulators are considered to have high accuracy [3] . However, relative investigations have shown that the parallel manipulator is not necessarily more accurate than a serial manipulator with the same manufacturing and assembling precision [4] . Accuracy remains a bottleneck for further industrial applications of parallel manipulators. Therefore, in order to enhance the precisions of parallel manipulators, it is important to evaluate the end-effector's accuracy in the design phase, and to calibrate the kinematic parameters after manufacturing [3] . From kinematic characteristics of lower-mobility parallel manipulators, it can be seen that complete errors compensation of the pose can not be achieved since it does not have six components in terms of both translation and orientation [5] . Therefore, the calibration method effectively reducing the pose errors of end effector is important.
Sensitivity analysis and error identification are necessary for the purpose of better kinematic characteristics of parallel manipulators. The kinematic parameters with higher sensitivity should be found and controlled strictly. Aiming at optimizing a class of 3-DOF parallel manipulators with parallelogram struts, Huang established a statistical sensitivity model and showed quantificationally the effect of geometrical errors on the pose of end effectors [5] . Based on the sensitivity analysis, Alici optimized the dynamic equilibrium of a planar parallel manipulator [6] . Pott gave the sensitivity model by a simplified force-based method and validated the algorithm by examples of both serial and fully parallel manipulators [7] . In order to study the relations between sensitivity and geometric parameters, Binaud compared the sensitivity of five planar parallel manipulators of different architectures [8] . Therefore, estimating sensitivity of kinematic parameters and studying the priority of kinematic parameters with higher sensitivity can effectively improve the calibration of manipulators.
In the course of structure calibration, for formulating universal functions of errors between the measured and theoretical values, it is feasible to realize the static error compensation of a parallel manipulator by modifing the kinematic parameters based on the calibration model. According to the measuring instruments, calibration methods can be classified into three categories: constrained calibration method, auto-calibration or self-calibration method, external calibration method [9] . External calibration methods are based on measurements of the endeffector poses through an external device such as laser systems [10] , theodolite [11] , coordinate measuring machine [12] or camera systems [13] . Constrained calibration methods impose mechanical constraints on the manipulators during the calibration process through a locking device [14] . Auto-calibration or self-calibration methods rely on the measurements of the internal sensors of the manipulators. These methods have two possible approaches: the self-calibration method with redundant information [16] and [17] and the self-calibration method without redundant information [17] and [18] . Although the calibration of parallel manipulators had been study extensively and many novel methods of calibration had been presented, these studies merely focused on all kinematic parameters without sensitivity analysis. In practice, due to the impossible compensation fully of lowermobility parallel manipulator, it is critical to judge the priority of the kinematic parameters of these manipulators by their sensitivity coefficients.
This article is orginized in the following manner. In Section 1, the prototype of the parallel manipulator is described, and its corresponding error model is established based on the complete differential-coefficient matrix theory. Thereafter, the statistical model of sensitivity is studied by normalizing all error sources in the reachable workspace. In Section 2, considering the sensitivity of kinematic parameters, the calibration model and the corresponding algorithm is presented. In Section 3, the numerical simulations of sensitivity and calibration were analyzed respectively, and in the last section the paper is concluded with a number of conclusions. 
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Quaternion Parameters
In October 1843, William Rowan Hamilton formulated quaternions [18] . The quaternion parameters have several advantages over other orientation parameters as an attitude representation [19] . Quaternion is an appropriate tool for transformation of multiple orientations and control algorithms. The attitude representation based on direction-cosine matrix needs 9 parameters, and Euler angles needs 3 parameters. Compared to direction-cosine matrix, quaternion needs only 4 parameters and only has one constrained equation, while direction-cosine matrix has six constrained equations. Compared to Euler angles, quaternion does not degenerate at any point and avoids the problem of calculation singularity [18] .
Quaternion can be represented as the sum of a scalar and a vector [18] and [19] , composed by Rodrigues-Hanmilton parameters (q 0 , q i , i = 1, 2, 3). By introducing abstract symbols k 1 , k 2 , k 3 which are the imaginary unit of complex numbers and satisfying the rules k 12 = k 22 = k 32 = k 1 k 2 k 3 = −1, the analytical expression for Quaternion q is derived as below:
where 4 components q 0 , q i , (i =1, 2, 3) satisfy the constraint q 0 2 +q 1 2 +q 2 2 +q 3 2 = 1. The relative coordinate system O-X′Y′Z′ on the moving platform m can coincide with the absolute coordinate system O-XYZ by a rotation about the unit u (cosα 1 cosα 2 cosα 3 ) T axis through an angle 2θ u [20] . Quaternion q (q 0 , q 1 , q 2 , q 3 ) corresponding to the transformation is defined by the angle θ u and the unit axis u. The orientation of m can be defined completely by the Euler parameters θ u and α i , and it can also be defined completely by the Quaternion q (q 0 , q 1 , q 2 , q 3 ). The relationship between Euler parameters (θ u , α i ) and Rodrigues-Hamilton parameters can be expressed as follows:
is associated respectively, with three-dimensional vectors (X′,Y′,Z′,X,Y,Z) and define the operation with the unit Quaternion q, as:
where "•" means Quaternion multiplication, and q -1 is the inverse Quaternion of q. Both of them satisfy q -1 q = 1. Then this transformation, from
Therefore, the direction-cosine matrix based on Quaterinon parameters [21] can be written as:
System Description
The symmetrical parallel manipulator consist of a fixed base, a moving platform and three identical limbs, and its topological structure is described in Fig. 1 . O-XYZ is the absolute coordinate system attached to the fixed base, while O-X′Y′Z′ is the relative coordinate system attached to the moving platform. The equilateral triangle lines of the moving platform and the fixed base are denoted as L aiaj and L AiAj (i, j = 1, 2, 3; i ≠ j), respectively, while their corresponding length is denoted as L m and L B , respectively. Each limb connects the moving platform to the base by a universal joint (U) at a i , followed by a cylindrical joint (C) and a revolute joint (R) at A i , where the cylindrical joint is driven by a ball screw linear actuator. The installation form of these joints provides the manipulator with 3 DOF, one translational motion along the Z-axis and two rotational motion about X-axis and Y-axis, respectively. The r i (i=1, 2, 3) stands for the lengths of the three limbs. The end effector is assumed to be perpendicular to the moving platform at point O′, and its length is denoted as In the process of error transmission, the nominal numbers are different to the effective displacements of the structure parts. By complete differential calculation to the outputs of the parallel manipulator, the error effects can be fully studied, and Eq. (4) can be expressed as follows: 
Substituting the above expressions into Eq. (6), the equation can be rearranged.
In order to solve the six output parameters, a system of six equations should be founded. From Eq. (7), other three simultaneous equations are required. According to the kinematic model based on Quaternions parameters of the parallel manipulator conducted in previous section, three corresponding equations are obtained as follows:
where x E and y E denote the coordinates of the point E on the end effector.
By substituting (9) and (10), the corresponding complete differential forms of the three equations can be rearranged as follows: 
Eqs. (7) and (11) can be rearrangeed in matrix form:
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where δE R denotes the error matrix of kinematic parameters, and can be expressed as follows: 3   3  3  3  3  3 , ,
where The error model of the parallel manipulator describing the relations between errors of kinematic parameters and output parameters can be obtained by the above equations.
Sensitivity Model
Through the establishment of the probability model of the parallel manipulator, the effects on the pose of the end effector caused by the geometrical errors of manufacture and assembly can be studied statistically. According to the error model of the manipulator, Eq. (12) is rewritten as:
where T R representing the mapping between the pose errors of the end effector and the pose errors of the inputs which denoted as δE S equals to T -1 T2.
In order to characterize the standard deviations of the pose errors of the end effector caused by the unified standard deviations of error sources in the parallel manipulator, it should be assumed that all elements in δE R are independent statistically and the mean of the elements equals zero. According to the error transmission matrix, the mathematical expectation of δE S is zero. Therefore, the corresponding variance of δE S can be derived as follows:
Rearranging the Eq. (14) gives: 
where the i th error source in δE R is denoted as δE Ri , the element in the sixth row and i th column of T R is denoted as T R6i . Assuming that the elements in δE R are independent statistically, we get: 
Therefore, relations between standard deviations of δE R and δE S can be formulated as follows: 
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the change of the pose errors of outputs. In order to describe fully the standard deviations of δE R and δE S , the estimation standard in the whole workspace between them should be established. Suppose that the volume of the workspace is V, it follows [22] :
The above equation can describe all error sources of the parallel manipulator in its workspace, however, it cannot achieve the further sensitivity analysis under the case of specific error compensation and identification. Therefore, a novel statistical model of sensitivity coefficients, to implement the unified process on the above error sources in the workspace is presented as: (21)
STRUCTURE CALIBRATION

Calibration Model of Kinematic Parameters
The mechanical structure of the parallel manipulator is assembled and the kinematic parameters can be identified by the calibration of kinematic parameters. In order to achieve the static mathematical compensation of the manipulator, it is necessary to modify the control model of kinematics according to the identified error parameters.
The pose of the end effector consists of three position parameters and three orientation parameters. In order to solve 23 kinematic parameters in δE R , it is necessary to measure four groups of the pose by the testing instruments of the end effector in every calibration. According to the kinematic model and its differential form of the parallel manipulator, Eq. (22) can be obtained:
where ΔE Si = [Δx E , Δy E , Δz E , Δq 1 , Δq 2 , Δq 3 ] T , , i = 1, 2, 3, 4. A group of the pose error of the end effector is represented as ΔE Si . J R , a matrix of 24 rows and 23 columns, denotes the Jacobi matrix of calibration. The Eq. (22) can be changed as:
(23) Implementing the Eq. (23) gives the iterative value compensating the matrix E R in the course of the kinematic calibration. The kinematic parameters can be calibrated by modifying the iterative value till the errors are less than the terminating value defined in advance. From Eq. (23), the matrix of the pose errors and the Jacobi matrix of calibration is needed to solve the iterative value. The corresponding procedures to obtain the matrices are shown as follows.
Analysis of the Pose Errors Matrix
Four groups of the pose of the end effector can be synthesized as the same expression. In order to describe the pose of the end effector, formulating the orientation matrix gives:
where D E and E xyz denote the orientation matrix of the calibrated point and the geometrical vector of the calibrated point, respectively. By calculating the orientation matrices based on the measured values and the theoretical values, the matrix of the pose errors is derived as the following equation: 
where the expressions of elements in the matrix are the same as the above orientation matrix in the error model. According to the relations between the elements of the error of the orientation matrix and the Quaternions parameters, the errors of the corresponding Quaternions parameters can be 
Analysis of Calibration Jacobi Matrix
Similar to the analysis of the pose errors, the Jacobi matrix of calibration consists of four submatrices denoted as J Ri . Because of the same expressions of the submatrices, the analysis of the Jacobi matrix of calibration can be simplified as the analysis of one submatrix, that is:
, ,..., . 1 2 23 (27) According to the analysis of the error sensitivity, different error sources of kinematic parameters with the same error values have a different effect on the pose error of the end effector. It is essential to redefine the offset denoted as Δe Rij in J Rij based on the sensitivity coefficients of the errors for calibrating better the end effector. And the offset can be written as:
where Δe Eij denotes the j th offset that need to be calibrated. By the derivation of the offsets, the Jacobi matrix of calibration can be derived as: 
Calibration Algorithm of Kinematic Parameters
Measuring the practical lengths of the drive limbs and the corresponding pose of the end effector and calculating the theoretical values of the end effector, the kinematic parameters of every joint can be calibrated based on the successive approximation algorithm. The procedures of the calibration algorithm of the manipulator are shown in Fig. 2 .
NUMERICAL SIMULATION
Sensitivity Simulation
Six groups of theoretical values and error values of the parallel manipulator are defined in Table 1 .
Substituting the theoretical values into the kinematic model, the corresponding positionorientations of the end effector are obtained and shown in Table 2 .
According to the statistical model of sensitivity coefficients, the pose errors of the end effector caused by the errors of kinematic parameters in the whole workspace can be calculated respectively. Normalizing the results of the above process gives the sensitivity percentages of twenty-three kinematic parameter errors in Eq. (13) shown as Fig. 3 .
Fig. 2. Calibration algorithm of the kinematic parameters of the parallel manipulator
From Fig. 3 it is known that the kinematic parameters with symmetrical connectors, such as A 2 , a 2 , A 3 and a 3 , have a similar effect on the pose errors of the end effector and the result validates the sensitivity model by the structure characteristics. Comparatively, greater sensitivity percentages of the drive limbs represent that the actuator errors have more effect on the pose errors of the end effector. Due to the errors of some kinematic parameters, having the greater sensitivity percentages, it is essential to control the length errors between the origin in the absolute coordinate system and the joint connectors on the base, especially the errors along Z-axis perpendicular to the base. However, the length errors between the origin in the relative coordinate 3 . Sensitivity percentages of kinematic parameters system and the joint connectors on the moving platform and the errors of the end effector have less sensitivity percentages. Therefore, with the promise to guarantee the whole precision of the manipulator, it is feasible to adjust the manufacture and assembly tolerance of mechanical parts by the sensitivity percentages. The symbol η denotes the structure scales which is the ratio of the fix radiuses of the base and the moving platform. The variation of the sensitivity percentage of the kinematic parameters with different structure scales are given in Fig. 4 . Fig. 4 shows that, with the variation of the structure scale, the sensitivity percentages of kinematic parameters have not been changed obviously in corresponding reachable workspaces. On the other hand, it is necessary to strictly control the kinematic parameters with different structure Overall Structure Calibration of 3-UCR Parallel Manipulator Based on Quaternion Method scales having greater sensitivity percentages.
Calibration Simulation
For validating the calibration algorithm of kinematic parameters, the iterative calculation of the given kinematic parameters by the numerical simulation is given as follows. The kinematic parameters are shown in Table 1 , and the corresponding errors of these parameters are presented in ΔE R :
[ . , . , . , . , . , . , . , . , . , . , 0 1 0 1 0 05 0 08 0 08 0 08 0 08 0 08 0 08 0 05 0 0 08 0 08 0 08 0 08 0 08 0 08 0 05 0 08 0 08 0 08 0 . , . , . , . , . , . , . , . , . , . , Substituting four groups of the kinematic parameters into the kinematic model of the manipulator, the corresponding poses of the end effector are shown in Table 3 .
Taking the lengths of the drive limbs, the poses of the end effector in Table 3 and the values of the kinematic parameters in Table 1 into the kinematic calibration program of the parallel manipulator and calculating iteratively 7 times, the modified matrix of kinematic parameters is obtained. ΔE S denotes the corresponding norm of the pose errors of the end effector, it is less than the terminating value, defined as 0.01, which has no unit because of having no uniform unit in ΔE S . After modifying 7 times, the values of the kinematic parameters converge gradually to the truth values which are the sums of the theoretical values and the given errors of the kinematic parameters in the numerical simulation.
The terminating time in the calibration program is decided by the absolute difference of the truth values and the modified kinematic parameters. For the purpose of representing the change of kinematic parameters, the changes of uncalibrated kinematic parameters and calibrated kinematic parameters are shown in Fig. 5 . 5 shows that most errors of calibrated kinematic parameters are decreasing greatly, especially the kinematic parameters with high sensitivity percentage, and the successive approximation algorithm based on the statistical sensitivity coefficients is validated. Because of the lower-mobility parallel manipulator, the errors of kinematic parameters caused by uncontrolled degree-of-freedom cannot be compensated completely. Most errors of kinematic parameters are less than the terminating value. On the contrary, due to the equilibration effect of the least squares method, some errors of calibrated kinematic parameters, such as δ L O a x ′ 3 and δ L OA z 3 , are increasing. In the course of calibration of kinematic parameters, the sensitivity coefficients and calibrated kinematic parameters with increasing errors have always lower sensitivity percentages partly decide the iterative value. The significance of the sensitivity conversion is emphasized by effectively decreasing the errors of kinematic parameters with higher sensitivity percentages. From the comparison in Fig. 5 , the calibration algorithm has relatively fast convergence and concrete directivity when optimizing iteratively and is effective to study the calibration questions.
CONCLUSIONS
In this study, by the complete differentialcoefficient matrix theory, the error model of the parallel manipulator was established. Then, the statistical model of sensitivity was derived by normalizing all error sources in the reachable workspace. According to the results of sensitivity simulation, the sensitivity percentages of the kinematic parameters vared slightly with the variation of the structure scales. The kinematic parameters with higher sensitivity percentages which should be controlled strictly were distinguished. In the course of manufacture and assembly, decreasing the length errors between the origin in the relative coordinate system and the joint connectors on the base is essential, especially the error decrease along Z-axis perpendicular to the base.
Based on the successive approximation algorithm, the calibration model with sensitivity conversion was established. According to the corresponding simulation, the algorithm is effective to study the calibration question by comparing the values of every kinematic error and has relatively fast convergence when optimizing iteratively. With the conversion according to analytical results of sensitivity coefficients, the operation steps have concrete directivity.
The approach of the calibration proposed in this article can be applied to structure calibration not only of less-DOF but also of six-DOF parallel manipulators. When it is applied to the six-DOF parallel manipulator, all source errors according to six limbs should be considered, and the dimensions of corresponding matrices such as △E R , T R and T2 would change accordingly, but the main analysis steps are the same as the application to the less-DOF parallel manipulators.
